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Strapdown Attitude Algorithms from a Geometric Viewpoint

Richard McKern* and Howard Musoff¥
The Charles Stark Draper Laboratory, Inc., Cambridge, Mass.

This paper derives various well-known strapdown inertial system attitude algorithms using a geometric
viewpoint based on the Goodman-Robinson theorem. This theorem describes three-dimensional rotation
kinematics of a rigid body. The attitude algorithms derived are the third-order quaternion and direction cosine
matrix, the third-order quaternion modified to compute the cross-product term at twice the update rate and the
computationally partitioned algorithm using the rotation vector and an associated quaternion. The
distinguishing features of these algorithms are readily apparent from the unified derivations. In particular, the
assumptions made in the computation of areas on a unit sphere using the Goodman-Robinson theorem
illuminates the performance limitations of these algorithms and should be of use in deriving more efficient

algorithms.

Introduction

HE purpose of this paper is to review various commonly

used attitude algorithm development approaches and to
more easily and intuitively explain their algebraic formulation
by using a unifying geometric viewpoint.

The attitude algorithms dealt with here are mathematical
procedures with which incremental attitude data is continually
processed to compute a transformation from one known
coordinate frame to another. In a strapdown system, this
algorithm accepts incremental rotation angles measured
directly by a gyroscope. This gyroscope data describes
orientation changes of the gyroscope mounting frame with
respect to an inertial frame. The data from three orthogonally
mounted devices can be used to describe the attitude between
these two frames. The transformation representing the output
of the attitude algorithm is available for transforming body
accelerometer data into an inertially referenced navigation
frame and can be used for digital flight control processing as
well as other body attitude or attitude rate requirements.

The two most commonly used transformations are
direction cosine matrices and quaternions of rotation. These
expressions satisfy linear differential equations where the
input form is angular rate and not incremental angles as
provided by the gyroscope and its associated electronics.
There are a number of numerical methods available for
solving these differential equations using incremental angle
inputs. Methods which can be applied to this problem include
Taylor series expansions, Runge-Kutta algorithms, and
predictor-corrector algorithms. Of these methods, the Taylor
series expansion lends itself directly to use of incremental
angles.!

Any digital attitude algorithm can be thought of as a
computation of an attitude transformation from a finite
sequence of incremental slewing motions at a fixed update
rate. The geometric approach views this computation as an
interpolation of the true angular motion over the sequence of
slewing increments, which can be regarded as an ap-
proximation of areas on a unit sphere. These areas are related
to the incremental rotation vector and to the angular in-
crements from the gyros by use of the Goodman-Robinson
theorem.?23

Goodman-Robinson Theorem

In a rigid body (with a defined orthogonal triad of body
axes) undergoing an arbitrary angular rotation, the com-
ponent ¢, (along body axis /) of the rotation vector ¢ is

Received Aug. 8, 1980; revision received Feb. 27, 1981. Copyright
© 1981 by The Charles Stark Draper Laboratory, Inc. Published by
the American Institute of Aeronautics and Astronautics with per-
mission.

*Section Chief. Member AIAA.

tStaff Engineer. Member AIAA.

related to the integral of the component w; of the angular
velocity vector w through the equation

iy
¢,-=§ wdt+A; N
o

1) A, is the area on the surface of a unit sphere enclosed by
the curve traced out on the surface by axis i and an arc on the

- sphere given by a pure slew that connects the endpoints of this

curve. This connecting arc is traced by the body axes un-
dergoing a constant slew about the rotation axis needed to
return the body axes to their initial orientations as illustrated
in Fig. 1. The sphere shown is centered at the origin at the
body axis triad.

t
2) S‘f wdt <27

4]

3) The curve traced out by axis i does not intersect itself.
Pure slewing motion is described as an angular motion about
a fixed axis of rotation in the body such that 4; will be zero.
This theorem is expressed for slewing motion as

t
;= g 4 w,dt (A;=0 for pureslewing) )
fp

Geometric Interpretation of Digital
Attitude Algorithms .

A geometric viewpoint is introduced as an aid in a practical
understanding of digital attitude algorithms and how attitude
errors can develop. Digital attitude algorithm execution in a
strapdown inertial system using integrating gyroscopes in-
volves the processing of incremental angles. Each finite in-
cremental angle update can be physically interpreted as an
incremental slew during which each body axis traces out an
incremental slewing arc. The true incremental rotation vector
component is given by the sum of the incremental slewing
angles, and the area bounded both by the slewing arc and the
curve on the unit sphere traced out by the body axis under
consideration. A fundamental function of the attitude
algorithm is to make correct computations of the incremental
rotation vectors based on the elementary slews and ap-
propriate unit sphere areas. The areas are computed by ap-
proximating the true area, that is, computing an area based on
elementary slewing data. Other functions of the algorithm are
to convert the incremental rotation vector into its quaternion
or direction cosine equivalent and update the total angle
quaternion or direction cosine matrix with the most recent
incremental data.

Figure 2 illustrates the geometric process of computing the
incremental rotation vector using incremental attitude and
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Fig. 1 TIllustration of Goodman-Robinson theorem applied to x-body
axis.

estimated areas on a unit sphere. This illustration is for the x-
body axis but is equally appropriate to each of the three
computational axes. This geometric interpretation of the
attitude algorithm based on the properties of the Goodman-
Robinson theorem will now be reinforced by deriving com-
mon algorithms using these geometric principles.

Derivation of Two Conventional
Attitude Algorithms

First, we will derive a quaternion third-order algorithm
using the geometric viewpoint as well as Taylor series ex-
pansions. The incremental rotation vector A¢ during a single
update period can be expressed as

Ad=A0+A €]

where each component of A is the appropriate area presented
in the Goodman-Robinson theorem and A# is the incremental
angle data obtained from the gyroscopes.

An expression for the incremental quaternion can be given
from its definition by

_(cosD® 20 A%\ 4 _ (86-40)
Ag= (cos 2 hé sin 3 )—(A)\,Ap) Ad=(Ad-A¢) 4)

A Taylor series expansion of Eq. (4) to third order is given by

_AS . A¢T Ag-A$
A)\—cosz =] 3 =] 3

_A¢ . A A¢ A_¢ A¢? _A_¢_A¢(A¢'A¢)
A”_KES‘“7=A_¢(2 7 )_2 48 ©)

Now, assuming the area vector (4) is dependent on at least the
square of the A@ magnitude, and using Egs. (3) and (5) to
derive the quaternion expression, we obtain to third order

Af- A6 é_0 Af(A8-AB) +’i‘

Y P = 6
AN=l=—3 8= 48 2 ©

The steps leading to Eq. (6) detail the method of converting
the incremental rotation vector to an incremental quaternion.
The area vector (4) remains to be determined. Each com-
ponent (A;) is an area on the unit sphere. Assuming small
increments of A#, this spherical area can be assumed planar.
Figure 3 illustrates the planar geometry for computation of
the A, component. In this figure, A62? is a two-dimensional
vector at the present step » given by

Af, (n) } .

A0y =
A8, (n)
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Fig. 2 Interpolation of a body axis trace on a unit sphere applied to
x-body axis.

Interpolated
Circular Arc

Fig.3 Computation of area on a plane approximating the portion of
the sphere illustrated for the x-body axis.

In a similar manner, A8YZ_;, is a two-dimensional vector at
the previous step. A, can now be calculated from these two
data sets for an appropriate interpolated curve approximating
the correct path of the tip of the x-body axis on the unit
sphere. It is proven in a straightforward manner in the Ap-
pendix that a circular arc assumption for the interpolated
curve results in an area estimate of

A, =[A07 , xA0R] /12 (8a)
Thus, for all three areas,
A= (A8, ,xA0,)/12 (8b)

The resultant quaternion algorithm is now given by

Y,
- 8
A0 AG(AG-A8) 1 ’
£ 20 _ANATA0) | L Ap  xal
Ap B 48 + 24 n—1 XA0, &)

which is exactly the same as the third-order algorithm derived
by classical means.

The direction cosine matrix equation (equivalent to the
quaternion equation described above) can be developed using
a similar line of reasoning. C is defined in terms of the
rotation vector as!:

C=1I+ Nsing+ N? (1 —cos¢) (10)
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where [ is the unit matrix and N is the skew symmetric matrix
as follows:

0 -n, n, 0 -9, ¢,
N2 n, 0 -n, =~ ¢, 0 —o,
-n, n, 0 —-¢, o, O
if
ny by
n= n, |and ¢=n¢# é,

Thus, as illustrated for the quaternion, AC can be found from
the definition in Eq. (1) by

AC=I+ Ai(bI‘(Atb)sinAdrk I'2(A¢) (1 —cosAg) (11)

Ap?
when
0 —As, Ad,
T(A$)2 | Ap, 0  —Ad, | Ad2(A¢-Ag)%
—A¢,  Ad, 0

Again, using Eq. (3) and the definition of AC in Eq. (11)
along with the appropriate truncated Taylor expansions and
circular arc assumptions, it can be shown that

AC=I+ (I—M—M)I‘(AO) +2r2ca0y+ Lrqas,_, xa0,)
6 2 12
12)
which is again identical to the classical derivation using a
Taylor expansion to the third order of the direction cosine
matrix attitude algorithm.

Partitioned Algorithm Mechanization (Ref. 4)

In order to improve algorithm efficiency with negligible
performance degradation, certain update rate sensitive
equation repartitioning is suggested along the lines of a
technique initially proposed by Bortz.’> The algorithm
computation is broken into separate sections. A high update
rate section closely approximates the true motion by rapidly
processing elementary slews of A, into a small-angle rotation
vector (¢, ). Then, at a significantly lower rate, the rotation

vector is incorporated into a whole-angle representation .

quaternion and is reinitialized to zero. The rate is selected, by
knowledge of the application, to ensure that ¢, remains a
small angle. The major advantage of this two-section
mechanization is that it allows a high-rate loop to maintain
the incremental motion closely associated with true motion,
while allowing the computationally more burdensome
quaternion of rotation update to be processed at much lower
rate. Consider the motion to be composed only of elementary
slews. Approximation of the true curve area is handled exactly
as previously described. In the partitioned algorithm
development, we are concerned with updating a rotation
vector (¢,,_,) after a slew of Af,. An exact expression for the
desired updated rotation vector ¢,, is easily obtained using the
rules of quaternion multiplication and is given by

6 = O [cosAe" Pns sind)"" +cos¢”" Ad, sinM"
" sin(¢,/2) 2 b,y 2 2 A8, 2
+sin(<f>,,_,/2)sin(Aé),,/Z)

¢n—1A0n

(8,-1%40,)| 13)

A GEOMETRIC VIEWPOINT OF STRAPDOWN ATTITUDE ALGORITHMS 659

Triangle

Unit
Sphere Assumed Plane

Fig. 4 Approximation by a planar triangle.

with

A62 (A0-AG)

Here we are assuming that both ¢, and A6, are small-angle
magnitudes such that

sin(¢,/2)=¢,/2 cos(¢,/2)=1

sin(A8,/2) =A0,/2 cos(Af,/2)=1 (14)

Using Egs. (13) and (14), the rotation vector may be sim-
plified to

b,=0, ,+A0,+%é, XA, 15s)

If it is assumed that only clementary slews of A#, occur
each update, then Eq. (15) is readily interpreted by means of
the Goodman-Robinson theorem. Here the area vector A4 is
approximated by

A=Vig, ;X Af, (16a)

Clearly, each component of the above A is an area of a
triangle defined on a plane. We have approximated the areas
of triangles on the sphere by assuming that the spherical
triangular areas which are traced out on the unit surface over
the intervals during which ¢, is calculated can be ap-
proximated by planar areas (see Fig. 4).

Here the pertinent area for the x-body axis is given by

A, =215, x A0 ] (16b)
where
ﬁ’f_Ié { d’y(n‘I) :] A0 = I:Aoy(n):|
¢, (n—1) A8, (n)

To complete the derivation of the partitioned algorithm, the
area vector given in Egs. (16) must be modified by the ad-
dition of the interpolated area given in Eq. (8b). The complete
equation for the incremental rotation vector in the partitioned
algorithm is thus given by

b, =06, ,+A0,+ s, xA0,+ (I/12)A0,_,x A8,  (17)

The algorithm which incorporates a high-rate update of the
incremental rotation vector at time ¢ is then

6,=6, ,+A0,+ [ Vsé, ,+(1/12)A0, ,1x A0, (18)

The low-rate computation then consists solely of forming ¢,
into a quaternion representation gq(Af) and updating the
whole-angle rotation quaternion to the current time ¢ while
resetting ¢, to zero for reinitiation of the high-rate com-
putation. Thus, for the low rate,

q(t)=q(t—-At)q(At) (19)
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Fig. 5 Geometry applicable to twice frequency cross-product
algorithm.

Coning environment simulation has shown the partitioned
algorithm using a 100 Hz high-rate iteration and 20 Hz low-
rate iteration to be similar in performance to a full third-order
quaternion (performed at 100 Hz) with a 1-deg coning angle
out to at least a 5-Hz coning frequency. It has also been found
that degradation due to word length and quantum angle smng
limitations is similar in the two mechanizations.

In practice, the fast loop attitude is also used for small-
angle corrections to maintain body frame acceleration ac-
curacy compatible with the slower velocity transformation
rate of the partitioned algorithm implementation. The par-
titioned algorithm can maintain accuracies compatible with
the conventional third-order quaternion at about half the real-
time computational burden. Memory requirements are similar
to the conventional algorithm.

From the geometric development, we see that the con-
siderable savings in computation possible with the partitioned
algorithm are a direct result of the approximation depicted in
Fig. 4; that is, the area of a planar triangle is used to ap-
proximate the area of a spherical triangle.

Twice-Frequency Cross-Product Algorithm Variation

A slight variation in the third-order quaternion, which
formulates the cross-product area at twice the update rate, has
been presented by Wilcox. 6

We can also use the geometric approach to describe this
development which uses the angular increments taken at twice
the algorithm update rate to calculate the cross-product term
only. The remaining terms are formed from the sum of the
two angular increments. Here, the incremental quaternion is
given by

Af-Af A9 AB(A9-A9)

A= 222 = 50, _, x50,
8 Ap=-3 48 +3 n-1 X

(20)

where the cross product is formed in succeeding updates from
60, and 50, _,, 80, ,anddl, ,, etc., and

A8=00,+468,_, 21
During the next update,

A0=‘50n+2+60n+1 (22)

Derivation of the A# terms in Eq. (20) is obviously exactly
the same as before. However, it remains to justify the
Y5-coefficient in the cross product terms Y466,_, x 66,,. Figure
5 illustrates the applicable geometry.

The interpolated area consists of the region bounded by the
circular arcs and Af. The area of the triangular portion of this
region (bounded by 8627, 807 ,, and A8) is given by

A =V:166)%, X607 ] (23)
We have seen that the area of the region bounded by the

circular arc 2 and 662 can be approximated by
[667% % 56271 /12.
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Fig. A-1 Interpolation with a circular arc.

It can be shown that the area of the region bounded by
circulararc1and 887, can also be approximated by
[667% , x 66%*]/12. Then the two crosshatched areas in Fig. §
are approx1mated by [667%, X 6627 ]/6 which, when added to
A, inEq. (23), yields the total interpolated area

=15[807%, X0605°] +1/6[605% ; x 60071 = %5865, X 8677 ]
(29
The associated area vector A4 is therefore given by

=24(60,_,%80,) (25)

Substitution of Eq. (25) into Eq. (6) results in the required
term, A/2, given by

A/2=15(80,_,%86,) 26)

in Eq. (20).

In this mechanization, memory requirements are about the
same as the conventional quaternion. This modified
quaternion will improve performance in a coning en-
vironment with the same update rate as in the conventional
third-order algorithm.

Conclusions

Using a unified geometric approach, we have derived
several commonly used strapdown attitude algorithms. The
algorithms illustrated are the third-order quaternion and
direction cosine matrix, the third-order quaternion modified
to compute the cross-product term at twice the update rate,
and the computationally partitioned algorithm using the
rotation vector and an associated quaternion. Estimates of
algorithm performance and computer burden, relative to the
conventional third-order algorithms, are given for the par-
titioned and twice-frequency algorithms.

The geometric approach shows how these properties of
different algorithms arise from the computational assump-
tions made during the algorithm formulation.

The modified third-order quaternion algorithm for
computing the cross-product term at twice update rate will
improve performance in a coning environment with update
rate as in the conventional third-order algorithm,

Coning environment simulation has shown the partitioned
algorithm comparable in performance to a full third-order
algorithm with a significantly lower computational burden.

The geometric approach developed here should provide
insight in developing new algorithms and in making com-
parative judgments in a specific application.

Appendix: Interpolation with a Circular Arc
Computation of Area on a Plane

Figure A-1 illustrates the geometry for fitting a circular arc
to the path of slews. R? is the radius of curvature computed
from A#)¢ and A6~ ,

The curvature, K, of a plane curve is given by the following
definition with # as a parameter of the curve:

(@) @) - @) &)
(G GT”
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where the curve is defined by
v(t)y=f(u(t)) (A2)

A numerical approximation to the curvature based only on
the latest three points, (#,v), can be obtained from

(% > (Av,, —A4v,_,; ) (Av,, ) (Au,, —Au,_,; )
At Ar? At Ar?

a (Au2 + Av2)372 (Ar) -3

_Av,Au,_, —Au,Av,_,
T (Au2+4p2)32

(A3)

where
Av,=v(t,) —v(t,_;) Av,_;=v(t,_;)—v(t,_3)

and similarly for Au,, Au,,_,.

If we identify Au, with A6, and Av, with Af,,, then the
curvature is approximated by
K72 = |A02 x A0)Z | /(A7) 3 (A4
where A0%% and A%, are defined by Eq. (7),
A9 A (A0r- A0z # (AS)

and K% denotes the curvature in the yz plane.
The radius of curvature R’ in Fig. A-1 is therefore given by

(AT
1 (a8p) (A6)

Ryi=_—
K7 a8 x A0 |

Elementary geometric considerations lead to the following
expression for the area 4, of the shaded segment in Fig. A-1.

A, = (R’) 2arcsin (A622 /2R %) — Vs ABY* R~

XN1— (A8, /2R*)? (A7)
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where the first term on the right-hand side is the expression
for the area of the appropriate sector of the circle of radius
Rz, and the second term is the expression for the area of the
appropriate wedge.

If R72» AB (i.e., A8J7 and AG% ; are roughly in the same
direction), then

AT ] sABENRN ] 1 /A0
~ 2{~—"n_ _, _ n _ - __ n
A= (R7) A Ryz>) 2M¥Rﬂ(1 2 Rﬂ>z)

_1(A8R)3 1 (a8 1 (a0r)? A9)
T 48 R 16 R» 12 R»*
Substituting Eq. (A6) into Eq. (A8) yields finally,

A, = 1A0F x A8} 1712 (A9)

which can be interpreted as 1/12 the area of the parallelogram
defined by A827 and A8 ;.
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